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Abstract
In this paper we prove an existence theorem for the common solutions for a pair of integral inclusions via a common fixed point
theorem of Dhage et al. [B.C. Dhage, D. O’Regan, R.P. Agarwal, Common fixed point theorems for a pair of countably condensing
mappings in ordered Banach spaces, J. Appl. Math. Stoch. Anal. 16 (3) (2003) 243–248].
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1. Introduction
Let R denote the real line, E be a Banach space with norm ‖.‖E and let C(E) denote the class of all nonempty
closed subsets of E . Given a closed and bounded interval J = [0, 1] inR, consider the integral inclusions
x(t) ∈ q(t)+
∫ σ(t)
0
k(t, s)F(s, x(s))ds (1)
x(t) ∈ q(t)+
∫ σ(t)
0
k(t, s)G(s, x(s))ds (2)
for t ∈ J , where σ : J → J , q : J → E , k : J × J → R are continuous and F,G : J × E → C(E).
By a common solution for the integral inclusions (1) and (2), we mean a continuous function x : J → E such that
x(t) = q(t)+
∫ σ(t)
0
k(t, s)v1(s)ds
and
x(t) = q(t)+
∫ σ(t)
0
k(t, s)v2(s)ds
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for some v1, v2 ∈ B(J, E) satisfying v1(t) ∈ F(t, x(t)) and v2(t) ∈ G(t, x(t)), ∀t ∈ J , where B(J, E) is the space
of all E-valued Bochner integrable functions on J .
The integral inclusion (1) has been studied recently by O’Regan [9] for the existence results under Carathe´odory
condition of F and Dhage [3] for the existence results under certain monotonicity conditions of F . In the present work
we discuss the existence of common solutions of integral inclusions (1) and (2).
2. Preliminaries
Let E be a Banach space with norm ‖.‖E . A nonempty closed subset K of E is called a cone if
(i) K + K ⊆ K
(ii) λK ⊆ K for all λ > 0 and
(iii) −K ∩ K = {0} where 0 is the zero element of E .
We define an order relation ≤ in E by
x ≤ y iff y − x ∈ K . (3)
By an ordered Banach space E we mean the Banach space E equipped with a partial ordering ≤ induced by K .
The Kuratowskii measure of noncompactness for a bounded subset of A ⊆ X is defined by
α(A) = inf
{
r > 0 : A ⊆
n⋃
i=1
Ai and diam(Ai ) ≤ r for i ∈ {1, 2, . . . n}
}
.
The details of measures of noncompactness and their properties appear in [2].
Now let 2E denote the family of all nonempty subsets of E . Let A, B ∈ 2E . Then A ≤ B means a ≤ b for all
a ∈ A and b ∈ B.
The following definitions and theorems were given in [3,4,6].
Definition 1. A map T : E → 2E is said to be isotone increasing if for x, y ∈ E and x < y, we have T x ≤ T y.
Definition 2. Two maps S, T : E → 2E are said to be weakly isotone increasing if for any x ∈ E we have Sx ≤ T y
for all y ∈ Sx and T x ≤ Sy for all y ∈ T x . S and T are called weakly isotone decreasing if for any x ∈ E we have
Sx ≥ T y for all y ∈ Sx and T x ≥ Sy for all y ∈ T x . Also two mappings S and T are called weakly isotone if they
are either weakly isotone increasing or weakly isotone decreasing.
Condition 1. DQ: Let Q ⊆ E. Two maps S, T : Q → 2Q are said to satisfy condition DQ if for any countable set A
of Q and for any fixed a ∈ Q the condition
A ⊆ {a} ∪ S(A) ∪ T (A)
implies A is compact; here T (A) = ∪x∈A T x.
Theorem 1. Let B be a closed subset of an ordered Banach space E and let S, T : B → C(B) two closed (i.e. have
a closed graph) weakly isotone mappings satisfying condition DB . Then S and T have a common fixed point.
Definition 3. Let Q ⊆ E . A map T : Q → 2E is said to be countably condensing if T (Q) is bounded and if for any
countably bounded set A of Q with α(A) > 0 we have α(T (A)) < α(A).
Corollary 1. Let B be a closed subset of an ordered Banach space E and let S, T : B → C(B) two closed countably
condensing weakly isotone mappings. Then S and T have a common fixed point.
3. Application to integral inclusions
In this section we shall prove an existence of a common solution for the integral inclusions (1) and (2), where we
use Corollary 1.
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Let C(J, E) denote the space of all continuous E-valued functions on J . Define a norm ‖.‖ by
‖x‖ = sup
t∈J
‖x(t)‖E .
We define an order relation ≤ in C(J, E) by the order cone KC in C(J, E) defined by the cone
KC = {x ∈ C(J, E) : x(t) ∈ K , for all t ∈ J },
where K is a normal cone in E .
Clearly the space C(J, E) with the norm ‖.‖ and order relation ≤ becomes an order Banach space. Let B ⊆
C(J, E) be a set, then
B(t) = { f (t) : f ∈ B} ⊆ E and B(J ) =
⋃
t∈J
B(t).
To prove the main existence theorem we need the following lemmas.
Lemma 1 ([2]). For any bounded equicontinuous set B in C(J, E),
(i) α(
∫ t
t0
B(s)ds) ≤ ∫ tt0 α(B(s))ds, t ∈ J and
(ii) α(B) = maxt∈J α(B(t)).
Lemma 2 ([8]). Let T > 0 and E be a Banach space. Then the following statements hold.
(i) If A ⊆ C([0, T ], E) is bounded, then
sup
t∈[0,T ]
α(A(t)) ≤ α(A([0, T ])) ≤ α(A).
(ii) If A ⊆ C([0, T ], E) is bounded and equicontinuous, then
α(A) = sup
t∈[0,T ]
α(A(t)) = α(A([0, T ])).
We also need the following definitions in the following.
Definition 4. A multi-valued map F : J → 2E is said to be measurable if for any y ∈ E , the function
t → d(y, F(t)) = inf{‖y − x‖E : x ∈ F(t)} is measurable.
Denote
‖F(t, x)‖ = {‖u‖E : u ∈ F(t, x)}
and
|||F(t, x)||| = sup{‖u‖E : u ∈ F(t, x)}.
Definition 5. A multi-valued function β : J × E → 2E is called Carathe´odory if
(i) t → β(t, x) is measurable for each x ∈ E , and
(ii) x → β(t, x) is an upper semicontinuous almost everywhere for t ∈ J .
Definition 6. A Carathe´odory multi-function F(t, x) is called L1-Carathe´odory if for every real number r > 0 there
exists a function hr ∈ L1(J,R) such that
|||F(t, x)||| ≤ hr (t) a.e. t ∈ J
for all x ∈ E with ‖x‖E ≤ r .
Denote
S1F (x) = {v ∈ B(J, E) : v(t) ∈ F(t, x(t)) a.e. t ∈ J }.
Then we have the following lemma due to Lasota and Opial [7].
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Lemma 3. If diam(E) <∞ and F : J × E → 2E is L1-Carathe´odory, then S1F (x) 6= φ for each x ∈ C(J, E).
Lemma 4. Let E be a Banach space, F a Carathe´odory multi-map with S1F 6= φ and let L : L1(J, E) → C(J, E)
be a continuous linear mapping. Then the operator L ◦ S1F : C(J, E) → 2C(J,E) is a closed graph operator on
C(J, E)× C(J, E).
Following Agarwal et al. [1] and Dhage and Kang [5], we have
Definition 7. A function a ∈ C(J, E) is called a lower solution of integral inclusion (1) if it satisfies a(t) ≤
q(t)+∫ σ(t)0 k(t, s)v(s)ds for all v ∈ B(J, E) such that v(t) ∈ F(t, a(t)) a.e. t ∈ J . Similarly, a function b ∈ C(J, E)
is called an upper solution of integral inclusion (1) if it satisfies b(t) ≥ q(t)+ ∫ σ(t)0 k(t, s)v(s)ds for all v ∈ B(J, E)
such that v(t) ∈ F(t, b(t)) a.e. t ∈ J .
Definition 8. A multi-function F(t, x) is said to be nondecreasing in x almost everywhere for t ∈ J if for any
x, y ∈ E with x < y we have that F(t, x) ≤ F(t, y) for almost everywhere t ∈ J .
Now we need the following condition.
Condition 2. Integral inclusions (1) and (2) are said to satisfy Condition 2, if there exists a, b ∈ C(J, E) such that
for all x ∈ C(J, E)
a(t) ≤ q(t)+
∫ σ(t)
0
k(t, s)v(s)ds ≤ b(t)
for all v ∈ B(J, E) such that v(t) ∈ F(t, x(t)) and for all v ∈ B(J, E) such that v(t) ∈ G(t, x(t)).
Note that, if Condition 2 hold, then integral inclusions (1) and (2) have a common upper solution and a common
lower solution.
We consider the following set of hypotheses in the following.
(H0) The function k(t, s) is continuous and nonnegative on J × J with
M = sup
t,s∈J
k(t, s).
(H1) The multi-valued functions F(t, x) and G(t, x) are Carathe´odory.
(H2) For any countable and bounded set A of E , α(F(J × A)) ≤ λα(A) and α(G(J × A)) ≤ λα(A) for some real
number λ > 0.
(H3) Multi-valued functions F(t, x) and G(t, x) are nondecreasing in x almost everywhere for t ∈ J .
(H4) S1F (x) 6= φ and S1G(x) 6= φ for each x ∈ C(J, E).
(H5) Integral inclusions (1) and (2) satisfy Condition 2.
(H6) The functions
t → |||F(t, a(t))|||E + |||F(t, b(t))|||E
and
t → |||G(t, a(t))|||E + |||G(t, b(t))|||E
are Lebesque integrable on J .
(H7) G(t, x) ≤ F(t, y) for all v ∈ S1G(x) and F(t, x) ≤ G(t, y) for all v ∈ S1F (x), where y(t) = q(t) +∫ σ(t)
0 k(t, s)v(s)ds.
Remark 1. Note that if hypotheses (H3) and (H4) hold, then multi-maps S1F and S
1
G are isotone increasing.
Remark 2. Suppose that hypotheses (H1), (H3), (H6) hold and define two functions g, h : J → R by
g(t) = |||F(t, a(t))|||E + |||F(t, b(t))|||E
D. Turkoglu, I. Altun / Applied Mathematics Letters 20 (2007) 563–570 567
and
h(t) = |||G(t, a(t))|||E + |||G(t, b(t))|||E
for all t ∈ J . Then g and h are Lebesque integrable on J and
‖F(t, x(t))‖E ≤ g(t) and ‖G(t, x(t))‖E ≤ h(t)
for all t ∈ J and x ∈ [a, b].
Theorem 2. Assume that hypotheses (H0)–(H7) hold. If λM < 1, then integral inclusions (1) and (2) have a common
solution in [a, b] defined on J .
Proof. Let X = C(J, E) and consider the order interval [a, b] in X which is well defined in view of (H5). Define two
mappings S, T : [a, b] → 2X by
Sx =
{
u : u(t) = q(t)+
∫ σ(t)
0
k(t, s)v(s)ds, v ∈ S1F (x)
}
,
T x =
{
u : u(t) = q(t)+
∫ σ(t)
0
k(t, s)v(s)ds, v ∈ S1G(x)
}
.
We shall show that S and T satisfies all conditions of Corollary 1 on [a, b]. First we show that S and T are weakly
isotone on [a, b]. Let x, y ∈ [a, b], then (H3) and (H7) we get
T x =
{
u1 : u1(t) = q(t)+
∫ σ(t)
0
k(t, s)v1(s)ds, v1 ∈ S1G(x)
}
=
{
u1 : u1(t) = q(t)+
∫ σ(t)
0
k(t, s)v1(s)ds, v1 ∈ {v ∈ B(J, E) : v(t) ∈ G(t, x(t))}
}
≤
{
u2 : u2(t) = q(t)+
∫ σ(t)
0
k(t, s)v2(s)ds, v2 ∈ {v ∈ B(J, E) : v(t) ∈ F(t, y(t))}
}
,{
for all y(t) = q(t)+
∫ σ(t)
0
k(t, s)v(s)ds and v ∈ S1G(x)
}
=
{
u2 : u2(t) = q(t)+
∫ σ(t)
0
k(t, s)v2(s)ds, v2 ∈ S1F (y)
}
,{
for all y(t) = q(t)+
∫ σ(t)
0
k(t, s)v(s)ds and v ∈ S1G(x)
}
= Sy for all y(t) = q(t)+
∫ σ(t)
0
k(t, s)v(s)ds and v ∈ S1G(x).
= Sy for all y ∈ T x =
{
u : u(t) = q(t)+
∫ σ(t)
0
k(t, s)v(s)ds, v ∈ S1G(x)
}
.
Thus T x ≤ Sy for all y ∈ T x . Similarly we have Sx ≤ T y for all y ∈ Sx . Thus S and T are weakly isotone
increasing. Next let x ∈ [a, b] be arbitrary, then (H5) we have a ≤ Sx ≤ b and a ≤ T x ≤ b. Hence S and T defines
two mappings S, T : [a, b] → 2[a,b]. Again the cone KC in C(J, E) is normal. To see this, let x, y ∈ KC be such that
0 ≤ x ≤ y. Then we have 0 ≤ x(t) ≤ y(t), t ∈ J . Since the cone K in E is normal, there is a constant N > 0 such
that ‖x(t)‖E ≤ N‖y(t)‖E , t ∈ J . This further in view of relation (3) implies that ‖x‖ ≤ N‖y‖ and so the cone KC
is normal in C(J, E). As a result the order interval [a, b] is a norm-bounded subset of C(J, E). Now, we show that S
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and T are countably condensing maps on [a, b]. Let A ⊆ [a, b] countable, then we have
α(S(A(t))) ≤ α
(
∪
{
q(t)+
∫ σ(t)
0
k(t, s)F(s, x(s))ds : x ∈ A
})
≤ α({q(t)})+ α
(
∪
{∫ σ(t)
0
k(t, s)F(s, x(s))ds : x ∈ A
})
≤ α
(∫ σ(t)
0
k(t, s)F(s, A(s))ds
)
≤
∫ σ(t)
0
k(t, s)α(F(s, A(s)))ds
≤ M
∫ σ(t)
0
α(F(J × A(J )))ds
≤ M
∫ σ(t)
0
λα(A(J ))ds
≤ λMα(A(J )) for t ∈ J,
where A(J ) = ∪s∈J {φ(s) : φ ∈ A}.
Now an application of Lemma 2 yields that for each t ∈ J , we have
α(S(A(t))) ≤ λMα(A). (4)
Next we show that S(A) is a uniformly bounded and equicontinuous set in [a, b]. To see this, let u ∈ Sx be
arbitrary. Then there is a v ∈ S1F (x) such that
u(t) = q(t)+
∫ σ(t)
0
k(t, s)v(s)ds.
Hence
‖u(t)‖E ≤ ‖q(t)‖E +
∫ σ(t)
0
‖k(t, s)v(s)‖Eds
≤ ‖q(t)‖E + K
∫ σ(t)
0
‖F(s, x(s))‖Eds
≤ ‖q(t)‖E + K
∫ σ(t)
0
h(s)ds
≤ ‖q(t)‖E + K‖h‖L1
for all x ∈ A and so S(A) is uniformly bounded set in [a, b]. Again let t, τ ∈ J , then for any y ∈ S(A) one has
‖y(t)− y(τ )‖E ≤ ‖q(t)− q(τ )‖E +
∥∥∥∥∥
∫ σ(t)
0
k(t, s)v(s)ds −
∫ σ(τ)
0
k(τ, s)v(s)ds
∥∥∥∥∥
E
≤ ‖q(t)− q(τ )‖E +
∥∥∥∥∥
∫ σ(t)
0
k(t, s)v(s)ds −
∫ σ(t)
0
k(τ, s)v(s)ds
∥∥∥∥∥
E
+
∥∥∥∥∥
∫ σ(t)
0
k(τ, s)v(s)ds −
∫ σ(τ)
0
k(τ, s)v(s)ds
∥∥∥∥∥
E
≤ ‖q(t)− q(τ )‖E +
∥∥∥∥∥
∫ σ(t)
0
[k(t, s)− k(τ, s)]v(s)ds
∥∥∥∥∥
E
+
∥∥∥∥∥
∫ σ(t)
σ (τ )
k(τ, s)v(s)ds
∥∥∥∥∥
E
≤ ‖q(t)− q(τ )‖E +
∣∣∣∣∣
∫ σ(t)
0
|k(t, s)− k(τ, s)|‖v(s)‖Eds
∣∣∣∣∣+
∣∣∣∣∣
∫ σ(t)
σ (τ )
|k(τ, s)|‖v(s)‖Eds
∣∣∣∣∣
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for some v ∈ S1F (x). This further implies that
‖y(t)− y(τ )‖E ≤ ‖q(t)− q(τ )‖E +
∫ σ(t)
0
|k(t, s)− k(τ, s)|h(s)ds + |p(t)− p(τ )|
≤ ‖q(t)− q(τ )‖E + max
0≤s≤σ(t)
{|k(t, s)− k(τ, s)|}
∫ σ(t)
0
h(s)ds + |p(t)− p(τ )|
where p(t) = M ∫ σ(t)0 h(s)ds.
Notice that p and σ are continuous functions on J , so p is uniformly continuous on J . As a result we have that
‖y(t)− y(τ )‖E → 0 as t → τ.
This shows that S(A) is an equicontinuous set in X . Now an application of Lemmas 2–4 yields that
α(S(A)) ≤ λMα(A)
where λM < 1. This shows that S is a countably condensing multi-valued mapping on [a, b]. Similarly T is a
countably condensing multi-valued mapping on [a, b].
Next we show that S has a closed graph. Let {xn} be a sequence in [a, b] such that xn → x0. Let {yn} be a sequence
such that yn ∈ Sxn and yn → y0. We shall show that y0 ∈ Sx0. Since yn ∈ Sxn , there exists a vn ∈ S1F (xn) such that
yn(t) = q(t)+
∫ σ(t)
0
k(t, s)vn(s)ds, t ∈ J.
We must prove that there is a v0 ∈ S1F (x0) such that
y0(t) = q(t)+
∫ σ(t)
0
k(t, s)v0(s)ds, t ∈ J.
Consider the continuous linear operator L : L1(J,R)→ C(J, E) defined by
Lv(t) =
∫ σ(t)
0
k(t, s)v(s)ds, t ∈ J.
Clearly, ‖yn − q(t) − (y0 − q(t))‖E → 0 as n → ∞. From Lemma 4 it follows that L ◦ S1F is a closed graph
operator on C(J, E)× C(J, E). Moreover, we have
yn(t)− q(t) ∈ L ◦ S1F (xn).
Since yn → y0, there is a point v0 ∈ S1F (x0) such that
y0(t) = q(t)+
∫ σ(t)
0
k(t, s)v0(s)ds, t ∈ J.
Therefore S is a closed mapping. Similarly T is a closed mapping. Thus S and T satisfies all the conditions of
Corollary 1 and therefore an application of it yields that S and T have a common fixed point in [a, b]. This further
implies that integral inclusions (1) and (2) have a common solution on J . This completes the proof. 
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